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We introduce a scheme by which flat bands with higher Chern number |C| > 1 can be designed
in ultracold gases through a coherent manipulation of Bloch bands. Inspired by quantum-optics
methods, our approach consists in creating a “dark Bloch band", by coupling a set of source bands
through resonant processes. The Chern number of the dark band is found to follow a simple sum
rule in terms of the Chern numbers of the source bands. We illustrate our method based on a Λ
system, formed of the bands of the Harper-Hofstadter model, which leads to a very flat Chern band
with C = 2. We explore a realistic sequence to load atoms into the dark Chern band, as well as a
probing scheme based on Hall drift measurements. Dark Chern bands offer a platform where exotic
fractional quantum Hall states could be realized in ultracold gases.
Introduction. Designing Bloch bands with topologi-
cal properties has become a central theme in the con-
text of quantum-engineered systems [1–3]. In ultracold
atoms, important efforts dedicated to the realization of
emblematic topological lattice models [3, 4], such as the
Haldane [5, 6] and the Harper-Hofstadter models [7–10],
have recently led to the observation of a variety of topo-
logical phenomena, including quantized transport [9, 11–
14], chiral edge motion [14–18], vortex dynamics upon
a quench [6, 19], and quantized circular dichroism [20].
Of particular interest is the possibility of engineering flat
bands with non-trivial Chern number, which could allow
for the creation of strongly-correlated topological states
reminiscent of fractional quantum Hall states [21]. While
flat bands with Chern number |C|=1 are reminiscent of
the conventional Landau levels that are found in the con-
tinuum [22], flat bands with higher Chern number |C|>1
can lead to exotic strongly-correlated states that are spe-
cific to lattice systems [23–29]. Up to date, schemes for
generating such flat-band models rely on the design of
complicated multi-layered lattices or complex long-range
hopping processes [21, 24, 25, 30–32].
In this work, we introduce a practical approach by
which flat bands with large Chern number can be de-
signed in ultracold gases, using realistic optical-lattice
geometries. Inspired by the concept of “dark state” in
quantum optics [33], our scheme relies on coupling a
set of Bloch bands coherently in view of forming a non-
degenerate “dark band”. In the simplest Λ-scheme sce-
nario, which involves three Bloch bands [Fig. 1], the
Chern number of the engineered dark band is found to
be dictated by a sum rule, CD = C1 + C2 − C3, where
C1,2,3 designate the Chern numbers associated with the
three bare Bloch bands. Moreover, the flatness of the
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FIG. 1. (a): The Λ scheme involving three discrete levels.
The Rabi couplings Ω1,2 and frequency detunings ∆ and δ are
indicated; see Eq. (1). A stable dark state |D〉 is created when
δ ≈ 0; see Eq. (2). (b) The Λ scheme involving three Bloch
bands E1,2,3(k). The detunings and Rabi frequencies depend
on the quasimomentum k of the Bloch states. The Chern
number of the resulting “dark band” CD follows a simple sum
rule in terms of the Chern numbers C1,2,3 of the bare bands.
dark band is shown to be directly inherited from the bare
bands. Altogether, this strategy offers a practical method
for designing flat bands with controllable topological in-
variants.
In the following, we discuss in detail the applicabil-
ity and validity of this general approach, in view of re-
alizing flat bands with higher Chern number in avail-
able cold-atom settings. In particular, we describe a re-
alistic method by which atoms can be loaded into the
topological dark band. Besides, we present clear signa-
tures of the prepared state based on Hall drift measure-
ments [9, 34, 35]. While our results directly apply to
cold-atom settings, our findings are general and could be
relevant to light-induced topological phases in the solid
state [36, 37].
Dark state of a Λ system. In the following, we ana-
lyze the applicability of our dark-band scheme based on
a simple three-band configuration, which is reminiscent
of the well-known Λ scheme of quantum optics [33].
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2As depicted in Fig. 1(a), a generic Λ scheme involves
three quantum states |1〉, |2〉, |3〉, and is described by the
Hamiltonian
HˆΛ = ~
 0 0 Ω∗1/20 δ Ω∗2/2
Ω1/2 Ω2/2 −∆
 . (1)
For δ/Ω1,2 → 0 and arbitrary ∆, the dark state (DS),
|D〉 = 1
2Ω¯
(Ω1|2〉 − Ω2|1〉) , Ω¯ = 1
2
√
|Ω1|2 + |Ω2|2, (2)
is an eigenstate of HˆΛ corresponding to the eigenvalue
E0 =0. The Hamiltonian HˆΛ possesses two other “bright"
eigenstates, with energies E± = ~2 (−∆ ±
√
∆2 + 4Ω¯2).
In contrast with the dark state in Eq. (2), which forms a
robust superposition of the two low-lying states (|1〉 and
|2〉) only, the bright states involve all components [33].
We now apply this dark-state notion, which has been
widely exploited in quantum optics [38–43] and atomic
physics [44–50], to the case of three coherently cou-
pled Bloch bands E1,2,3(k), where k denotes quasi-
momentum.
Λ system of Bloch states. For the sake of concrete-
ness, we consider the Bloch bands of the emblematic
Harper-Hofstadter (HH) model [51], which can be en-
gineered in optical-lattice experiments [7–10]. The cor-
responding Hamiltonian reads
HˆHH = −J
∑
n=(n,m)
aˆ†naˆn+1y+aˆ
†
naˆn+1xe
i2pimφ + h.c., (3)
where n=(n,m) enumerates lattice sites on a 2D square
lattice with lattice constant a, J is the hopping ampli-
tude, and where an/a†n annihilate/create a particle at
site n. The complex phase factor, which accompanies
hopping along the x direction and generates a uniform
magnetic flux 2piφ per plaquette, can be tuned in exper-
iments [7–10].
Considering a flux of the form φ = 1/q, with q an
odd integer, and applying periodic boundary conditions
(PBC), the spectrum displays q non-degenerate Bloch
bands εν(k), where ν=1, . . . , q. We define the first Bril-
louin zone (BZ) as k∈ [0, 2pi/aq)× [0, 2pi/a). Each band
is associated with a topological Chern number [52]
Cν =
1
2pi
∫
BZ
F d2k, F = 2 Im〈∂kyψν(k)|∂kxψν(k)〉,
(4)
where ψν(k) denotes an eigenstate in the νth band. For
q a generic odd integer, the Chern number of the central
band [ν=(q+ 1)/2] reads Cν =(−q+ 1), while Cν =1 for
all the other bands. Hence, except from the central band,
the bands of the HH model are reminiscent of Landau
levels (LL). In particular, these LL-like bands become
flat in the limit q1.
We now discuss how a coherent coupling of these LL-
like bands allow for the generation of flat bands with
higher Chern number |C| > 1 within the HH model. This
is achieved by building a Λ system [Eq. (1)] from three se-
lected bands E1,2,3(k) of the HH spectrum {εν}; we will
denote the mean energy of each band as E¯1,2,3. In or-
der to couple these bands quasi-resonantly, we consider
a two-frequency drive with frequencies set to ~ω1,2 =
E¯1,2 − E¯3; see Fig. 1(b). Assuming that the coupling
field has a spatial periodicity that is compatible with the
(magnetic) unit cell, the system forms a collection of de-
coupled Λ systems, one at each quasi-momentum k. Ap-
plying the rotating wave approximation (RWA) [33], and
neglecting the other bands, this setting is indeed well de-
scribed by Eq. (1), with momentum-dependent Rabi fre-
quencies and detunings. Introducing the corresponding
dark states, |D(k)〉, we numerically evaluate the Chern
number of the dark band, and we find the sum rule [53]
CD = C1 + C2 − C3, (5)
where C1,2,3 denote the Chern numbers of the selected
bands E1,2,3. Importantly, we find that this simple rule
is independent of: (i) the flux φ= 1/q, (ii) the operator
associated with the coupling field, and (iii) the chosen
bands in the HH spectrum. Altogether, this provides a
unique way to produce bands with higher Chern number.
The formula (5) is valid whenever an effective Λ (three-
band) configuration is achieved and the dark-state band
is well separated from the two bright-state bands. This
imposes a series of constraints on the chosen bands and
system parameters, as we now explain.
First, the finite bandwidth of the bare bands E1,2,3(k)
produces detunings δ(k) and ∆(k) in Eq. (1), which af-
fects the flatness of the dark band and reduces the gap
to the bright bands. This effect can be limited by noting
that the width of the HH bands decreases exponentially
with q (except for the central band); see Ref. [53].
Then, the Rabi frequencies Ω1,2(k) should satisfy the
inequalities δ(k)  Ω1,2(k)  |E±(k)| to allow for a
good separation of the dark band and optimize its flat-
ness; this condition can already be reached for moderate
q∼ 7 − 10. Besides, one should avoid pathological zeros
Ω¯(k) = 0, which would invalidate the dark state con-
struction.
Furthermore, for large q 1, the HH spectrum forms
a ladder of quasi-equally spaced Landau levels, which
indicates that only special choices of bare bands E1,2,3
can lead to a genuine Λ configuration. In addition, the
RWA is only valid when the resonant frequencies ω1,2
(and their differences ∆ω) are much larger than all other
frequency scales, which also sets an important constraint
on the chosen bands.
Finally, the unique bare band with Cν 6= 1 is the cen-
tral band [ν = (q + 1)/2], for which the bandwidth to
bandgap ratio is O(1). This unfortunately rules out in-
volving this band in our construction, which eventually
implies the disappointing result CD = 1 [Eq. (5)].
In order to overcome these limitations and constraints,
we slightly generalize our scheme by introducing different
atomic species (i.e. “spins").
3The multi-species configuration. We propose to gen-
erate a flat and non-degenerate dark band with CD = 2,
by constructing a Λ system made of two HH bands
[C1,2 = 1] and a trivial band [C3 = 0]. The latter is
provided by the lowest band of a square lattice without
flux [Eq. (3) with φ=0, denoted Hˆ0], whose unit cell area
Acell = qa× a ensures a common BZ with HˆHH; the cor-
responding sites are located at n˜ = (qn,m). In practice,
this could be realized using different atomic (internal)
states trapped in state-dependent optical lattices [54, 55].
In order to guarantee the validity of the RWA, we hence-
forth consider that each of the three selected bands E1,2,3
is populated by a specific internal state σ = {1, 2, 3}. The
Λ coupling between the three bands is then performed
by properly coupling the internal states with microwave
fields. We note that using only two internal states could
also be envisaged in practice.
Upon the RWA, the Hamiltonian of this setting reads
HˆΛ =
3∑
σ=1
(
Hˆσ + δσPˆσ
)
+
1
2
2∑
s=1
As
∑
n˜=(qn,m)
aˆ†n˜,saˆn˜,3+h.c.,
(6)
where a†n˜,σ creates an atom at site n˜ in internal state σ;
Hˆ1,2 =HˆHH ⊗ Pˆ1,2 and Hˆ3 =Hˆ0 ⊗ Pˆ3, where Pˆσ projects
onto the σ component; A1,2 denote the amplitudes of
the coupling fields, and the detunings δσ are controlled
by tuning the driving frequencies out of resonance. In
particular, these detunings can be chosen such that two
bands of the HH spectrum (populated by states σ=1, 2)
become degenerate with the trivial band (populated by
σ = 3) in the decoupled limit A1,2 = 0; see Figs. 2(a)-
(b). Upon activating the coupling (A1,2 6=0), these three
bands split into the dark band and the two bright bands
shown in Fig. 2(c). While the bright bands acquire a
small dispersion, due to the k-dependence of the Rabi
frequencies Ω1,2(k), the dark band at zero energy remains
almost perfectly flat [53].
One readily verifies that the Chern number of the dark
band is CD = 2, in agreement with the sum rule (5), by
analyzing the edge-state branches [56] in Fig. 2(c). One
also finds that the Chern number of the bright bands
are zero, such that the total Chern number of the three
coupled bands is indeed conserved. We have verified that
these results are generic, in the sense that they do not
depend on the specific form of the coupling operator.
Higher Chern number from centre-of-mass responses.
The Chern number CD of the constructed dark band
could be measured through different probes in ultracold
atoms, such as center-of-mass responses [9], edge-state
spectroscopy [57, 58], and circular dichroism [20]. Here,
we validate our approach by simulating the center-of-
mass displacement of an atomic cloud, loaded in the
dark band, and perturbed by a linear potential gradi-
ent [9, 34, 35].
As a first step, we numerically simulate the follow-
ing protocol [34]: We initially confine the system, us-
ing sharp rectangular walls; we generate a dark band
FIG. 2. Designing a Λ system from two Hofstadter bands
and a trivial band. (a) Hofstadter bands associated with
two uncoupled atomic internal states (σ = 1, 2), for a flux
φ = 1/11. The black dispersions correspond to edge-state
branches [56]; the system is diagonalized on a cylindrical ge-
ometry. (b) Adjusting the detunings δσ in HˆΛ such that two
Hofstadter bands (populated by states σ=1, 2) become degen-
erate with a flat trivial band (populated by σ=3) in the un-
coupled limit A1,2 = 0. (c) Activating the coupling (A1,2 6= 0,
max |Ω1,2(k)| = J/5) splits the three overlapping bands into
a flat dark band at zero energy (red shaded), and two bright
bands (green/purple shaded). The flatness of the dark band is
emphasized by a logarithmic scale. The edge-state branches,
associated with the two edges (I,II) of the cylinder, indicate
that the Chern number of the dark band is CD=2.
[as illustrated in Fig. 2(c)] in this geometry and com-
pletely fill it with non-interacting fermions; we remove
the confining walls, and act on the particles with a weak
linear potential gradient aligned along the y direction,
Fˆ =Fa
∑
s=1,2
∑
n=(n,m)mnˆn,s; finally, we calculate the
time evolution of the particle density ρ(x, y), and eval-
uate the center-of-mass displacement ∆x(t). The latter
observable is related to the Chern number of the popu-
lated band (CD) through the relation [9, 34, 35]
∆x(t) =
qa2F
h
CDt, for a flux φ = 1/q. (7)
We show the simulated time-evolved density in
Figs. 3(a)-(b), which demonstrate a clear transverse drift
of the cloud (along the x direction). We note that the
density modulation along the x direction reflects the cou-
pling to the “trivial" lattice, of area Acell=qa× a, which
supports the component σ = 3 (which is absent in the
dark state). In Fig. 3(a), the applied force is weak com-
pared to the gap ∆db separating the dark band from the
bright bands, Fa  ∆db, such that the particles’ mo-
tion adiabatically follows the dark band. In this linear-
response regime, Eq. (7) is applicable [34, 35], and we
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FIG. 3. Hall drift in the dark band. (a) Time-evolved density
ρ(x, y) of non-interacting fermions, initially confined within
a small region (red rectangle) and populating the dark band,
and then exposed to a linear gradient along y upon release.
Here the force is weak compared to the gap to the bright
states, Fa=5 · 10−4J  ∆db = 5 · 10−2J , allowing for an ac-
curate measurement of the Chern number CexpD =1.99 through
the center-of-mass drift [panel (f) and Eq. (7)]. The evolu-
tion duration is t=15(~/Fa) and the flux φ=1/11. (b) Same
protocol but using a larger force, F =5 ·10−3J/a, leading to a
substantial repopulation of the bright bands over long times
(thin stripes in the density). (c) Same but populating a reg-
ular Hofstadter band (with C= 1) instead of the dark band.
(d) Density at the end of the loading sequence (main text).
(e) Time-evolved density of the realistically prepared state in
(d), when exposed to the linear gradient along y. (f) Center
of mass drift for the manually-loaded dark band (blue line),
the bare Hofstadter band (red line), and for the realistically-
prepared state (black crosses); in the latter case, residual
bright-state contributions were filtered out (main text).
extract an “experimental" value for the Chern number of
the dark band CexpD = 1.99 from the center-of-mass drift
[Fig. 3(f)]. In contrast, the force is strong Fa > ∆db
in the case depicted in Fig. 3(b), which leads to a dy-
namical repopulation of the bright states. Importantly,
these undesired excitations are clearly identified by nar-
row stripes of highly populated sites, separated by qa
along the x direction. For completeness, we also calcu-
lated the time-evolved density upon populating a bare
Hofstadter band (with C = 1) instead of the dark band:
the resulting Fig. 3(c), when compared with Fig. 3(a),
reveals that the center-of-mass velocity indeed differs by
the predicted factor of two; see also Fig. 3(f).
Finally, we explore a realistic sequence for loading
atoms into the designed dark band. Considering the
same Λ scheme as above [Fig. 2], we start the sequence
by turning off the coupling A1 = Ω1 = 0 and by com-
pletely filling the lowest Hofstadter band of the σ = 1
component. This initial state is a Chern insulator with
Chern number C1 = 1. One then activates the cou-
pling A1 6= 0 so as to adiabatically transfer the atoms
from the bare Hofstadter band to the dark band with
CD = 2. Because of the change in the Chern number,
non-adiabatic effects are unavoidable, so that this final
state cannot be reached with 100% fidelity. However,
a dominating population in the target dark band can
be obtained upon slowly ramping up the coupling A1
to its final value [9, 59]. We perform a simulation of
this sequence, by calculating the time evolution of single-
particle states according to the time-dependent Hamilto-
nian HΛ[A1(t)], where A1(t) = 0→A1. The density of
the final state is shown in Fig. 3(d), where the thin ver-
tical stripes separated by qa again highlight the residual
population in the bright states. In our simulated set-
ting, we find a 10% fraction in the component σ= 3 for
a linear ramp of duration T ≈ 106(~/J). We note that
this undesired population can be significantly reduced
by optimizing the ramp function, or by increasing the
system size and ramp duration; other state-preparation
protocols, based on optimal-control theory [60–62] and
nonunitary dynamics [63], could also be designed to fur-
ther maximize the fidelity.
We then calculate the time-evolution of the realistically
prepared state under the action of a linear gradient along
the y direction, and show the resulting density in Fig. 3(e)
for a drift duration t=10(~/aF ). After filtering out the
bright-state contribution to the density, by removing the
aforementioned stripes and restricting the measurement
to well populated sites only, one extracts the center-of-
mass motion depicted by crosses in Fig. 3(f), and recovers
the expected “experimental" value CexpD =1.99.
Concluding remarks We proposed a scheme by which
flat bands with higher Chern number can be constructed
through a coherent manipulation of Bloch bands. While
this work focused on the simplest Λ configuration, more
bands could be involved in the construction in view
of building N -pod settings [64, 65]; this strategy sug-
gests a promising route to reach even higher Chern
numbers |CD|  2. The dark Chern bands deriving
from our scheme offer a platform where exotic frac-
5tional quantum Hall states could be explored with cold
atoms, including generalized Moore-Read and Read-
Rezayi states [24, 26], topological nematic states [23] and
“genon” defects [23, 29, 66]. Interesting perspectives con-
cern the fate of dark Chern bands in the presence of dis-
sipation, and the coupling of Bloch bands belonging to
other topological classes [67].
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7I. SUPPLEMENTARY INFORMATION
A. Dark state formula
The dark state formula [Eq. (2)] for the three level Λ
system in Eq. (1) is valid in the special case of δ = 0. No
simple analytical formula for the dark state of a general
Hamiltonian Eq. (1) is known. As moderate values of
δ,∆ are used in practice, we can use δ/Ω1,2 and ∆/Ω1,2
as small parameters with which perturbative expansion
can be constructed. For finite δ the dark state gets the
admixtures to both energy:
E0 ≈ δ|Ω1|
2
|Ω1|2 + |Ω2|2
, (S.1)
and the state itself:
|D(δ)〉 = |D(0)〉+ δ Ω1Ω2
(|Ω1|2 + |Ω2|2)3/2 |3〉 . . . . (S.2)
and is often referred to as the "gray" state. The above
equation reveals the lowest order correction to the dark
state which is just in the excited state |3〉. Next terms
that are O(δ2) and O(δ∆) populate all three base states
|1〉, |2〉, |3〉. If δ = 0 the detuning ∆ does not affect the
E0 eigenvalue and the |D(0)〉 remains to be an accurate
dark state. As a result the flatness requirements on the
state |3〉 are much relaxed with respect to |1〉 and |2〉.
In classical context where the Ω1 and Ω2 couple differ-
ent atomic states, the excited state |3〉 undergoes sponta-
neous emission. The spontaneous emission rate (typically
in MHz range) dominates over single kHz energy scales
for ultracold atom dynamics, and consequently even a
small admixture to the dark state is detrimental.
In the setting considered in this work, where the ex-
cited state |3〉 is chosen as a stable optical lattice band,
the admixture implied by (S.2) does not imply larger
losses, and the Chern number is invariant with respect to
perturbations of the topological band. This holds as long
as the dark-bright state band gap does not close. In fact,
as seen in the following section this requires δ/Ω1,2  1.
B. Rotating Wave Approximation
We consider now three lattice Bloch states with fixed
quasimomentum k that are to be coupled by two time-
dependent processes with frequencies ω1,2 culminating in
description as in Eq. (1), in particular Rabi frequencies
Ω1 and Ω2.
We consider three states |1〉, |2〉, |3〉 with energies
E1,2,3. The Hamiltonian is
HΛ,lab = ~
 E1 0 00 E2 0
0 0 E3

︸ ︷︷ ︸
Hat,lab
+A sin(ω1t) +B sin(ω2t),
(S.3)
where A,B are operators that describe the cou-
plings. We now transform to the rotating frame
with the transformation ψ = U†ψlab where U† =
diag[exp(iE1t/~), exp(i(E1 + ω1 − ω2)t/~), exp(i(E1 +
ω1)t/~)]. The transformation to the co-rotating frame
is achieved by: HΛ = U†HΛ,labU − ~iU†U˙ , where
dot denotes the time derivative. Specifically Hat,rot =
diag(0, δ,−∆) where δ = E2−E1−ω1 +ω2 and ∆ = E1−
E3 + ω1. It includes the terms from a diagonal operator
−i~U†U˙ . The remaining part of the Hamiltonian trans-
fers just as A′ = U†AU sin(ω1t) and B = U†BU sin(ω2t),
where:
A′ = ~
 A11 A12 A13A∗12 A22 A23
A∗13 A
∗
23 A33
, (S.4)
namely:
A′ =
~
2i
 A11e−itω1 −A11eitω1 A12eitω2−2itω1 −A12eitω2 −A13 +A13e−2itω1A∗12e−itω2 −A∗12e2itω1−itω2 A22e−itω1 −A22eitω1 A23e−it(ω1+ω2) −A23eit(ω1−ω2)
A∗13 −A∗13e2itω1 A∗23e−it(ω1−ω2) −A∗23eit(ω1+ω2) A33e−itω1 −A33eitω1
 ,
and analogously for B. When each of the states |1, 2, 3〉
is in different spin manifold then in the RWA all time-
dependent, rapidly oscillating terms in the above matrix
may be neglected. Therefore
A′ ≈ ~
2i
 0 0 −A130 0 0
A∗13 0 0
 . (S.5)
. When states |1〉 and |2〉 come from the same manifold
the above approximation should be replaced with:
A′ ≈ ~
2i
 0 0 −A130 0 −A23eit(ω1−ω2)
A∗13 A
∗
23e
−it(ω1−ω2) 0

(S.6)
The terms A∗23eit(ω1−ω2) contain the time-dependent
terms with the frequency ~(ω1 − ω2) which is orders of
magnitude smaller then all others frequencies. In fact it
is equal to few J . However, if A23  J then the approx-
8imation Eq. (S.5) is justified as well. In fact it was used
in the main text in Eq. (1). If A is e.g due to the lattice
modulation, the coefficient A23, A∗23 may be minimized
simply by lowering the amplitude. Alternatively when
different spin states are involved, A23 can vanish for ex-
ample due to selection rules. Justification for neglecting
the term oscillating like ω1 − ω2 is much more evident
if states |1〉 and |2〉 are different hyperfine states then
~(ω1 − ω2) is of the order of hyperfine splitting which is
several orders of magnitudes larger than J.
The reasoning for the operator B is completely analo-
gous with role of the B12 and B23 exchanged w.r.t to the
A12 and A23.
C. Dark state stability
The stability of the dark state is understood as the ex-
istence of a finite gap to the remaining two bright eigen-
states of Eq. (1). Here we analyze the effects of finite
δ on the gap. We drop the functional dependence on k
from notations, as it is a conserved quantum number.
For δ = 0 the bright state eigenenergies are:
E± =
1
2
(−∆±
√
∆2 + 4Ω¯2). (S.7)
Since the dark state energy is E0 = 0, |E±| also gives
the dark-bright state gap. It is moreover easy to check
numerically that if both of Ω1 and Ω2 are non-zero the
gap remains finite, though possibly small, no matter the
value of δ or ∆.
When exactly one of Ω1 and Ω2 is zero, one can see
numerically that the gap may close. The other, non-zero
Rabi frequency can then be chosen as the energy unit.
We first consider the case when Ω1 = 0 and Ω2 6= 0.
Fig. S.1(a) shows the eigenvalues of HΛ as solid, thin
lines in that case. For δ = 0, as expected, the dark state
energy is precisely 0. We see that for large |δ| the energy
of one of the bright states become close to the energy of
the dark/gray state, though never crosses it. The gap
value is, therefore, substantially lowered which may lead
to the depletion of the dark/gray state in the experiment.
For ∆ 6= 0 the dark/gray energy level is crossed by [see
Fig. (S.1)(a)] the bright state at a finite value of δ (dashed
lines). For ∆ 6= 0 the crossing occurs for finite value of
δ. For example for ∆ ≈ 0.4Ω2, the crossing takes place
when δ/Ω2 ≈ −0.6, and the smaller the |∆|, the larger δ
is necessary for the crossing to occur.
When Ω2 = 0 and Ω1 6= 0, the dark/gray state energy
line is exactly linear with δ as |D〉 = |1〉 and |D〉 is de-
coupled from |2〉 and |3〉. In particular, for δ = ±Ω2/2
the gap to the bright state closes. For Ω2 6= 0 this en-
ergy level crossing becomes avoided [see Fig. 2(b)]. In
this case the value of the detuning ∆ does not change
the location of the crossing, or whether it is avoided or
not.
The presence of the energy level crossings (either exact
or narrowly avoided) would have a detrimental effect on
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FIG. S.1. Three energy levels of the HΛ Hamiltonian for
special values of Ω1,Ω2 as a function of detuning from Raman
resonance condition δ. Panel (a) treats the case Ω1 = 0,∆ = 0
(solid lines),Ω1 = 0,∆ = 0.4Ω2 (dashed lines). Panel (b)
shows the case Ω2 = 0,∆ = 0 (solid line), Ω2 = 0.4Ω1,∆ = 0
(dashed line).
constructing a dark state with a well-defined Chern num-
ber. However in both cases the crossings require large
values of δ: i) Ω1 = 0 and δ = O(Ω2) or ii) Ω2 = 0 and
δ = O(Ω1). That said, when dependence of Ω1 and Ω2
on quasimomentum k is considered, it may happen that
Ω1/2 has zeros where Ω2/1(k) is also small relative to its
maximum value. So when values of Ω1 and Ω2 rapidly
oscillate across the BZ, then strong upper bound on δ is
implied.
D. Band flatness and Rabi frequency total
variation in Harper-Hofstadter model
The dark state formula, Eq. (2) and Eq. (S.2) accu-
rately describe the dark-state ultracold gas under the
following assumptions:
1. For each value of quasi-momentum k the detun-
ings δ due to finite bandwidth of bands supporting
states |1〉, |2〉, |3〉 are small compared to Ω1,Ω2 (as
discussed in Section IC).
2. The detuning ∆ should not be too large, as the
dark-bright state gap approaches Ω¯2/4∆→ 0 when
∆ Ω¯.
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FIG. S.2. The panels (a), (b) and (c) show the properties
of bands b = 1, 2, 3, (q − 1)/2 of HH (HHH) model with φ =
2pi/q. The bands are marked by , , , and
respectively. Panel (a) shows the bandgap ∆¯Ei to neighboring
band, and Panel (b) — the bandwidth ∆Ei. Panel (c) shows
the flatness ratio f for the same bands.
3. States |1〉, |2〉, |3〉 are decoupled from any other
states (other bands, other atomic states).
The first two requirements can be summarized in the
following inequality (for each quasimomentum k):
δ(k)|Ω¯(k)|∆¯Ei, i∈{1,2,3}. (S.8)
Here ∆¯Ei is the minimum distance of the i-th band to
its nearest neighbour. In the case of the main-text con-
struction, the ∆¯E1 = O(J) is simply a gap between low-
est two Hofstadter model bands. The gap ∆¯E2 is be-
tween top and second-top band and, in the particular
band choice in the main text, it equals ∆¯E1 due to sym-
metry of the spectrum. The gap ∆¯E3 is the standard
s and p band separation in cos2 optical lattice potential
V (x, y) = Vx cos
2(kx/q) + Vy cos
2(ky). Such a gap is
∆¯E3(k) ≈ min{
√
4ERVy,
√
4ERVx/q2}, and sufficiently
large optical potential amplitudes Vx, Vy can easily en-
sure sufficient ∆¯E3. In the end just ∆¯E1,2 give an upper
bound on usable Rabi frequencies Ω1,2(k).
It is useful to consider the ratio measuring the total
variation of the Rabi frequency across the BZ:
g = min
k∈BZ
|Ω¯(k)|/ max
k∈BZ
|Ω¯(k)|. (S.9)
The value of this quantity roughly tells how flat the bands
that provide states |1〉 and |2〉 have to be so it is possible
to tune the overall amplitude of Rabi frequencies to sat-
isfy inequality (S.8). The flatness of the state |3〉 is not
so crucial [see Appendix IA].
The definition of g depends implicitly on the choice of
the bands b1,2 and giving rise to the subscripted notation
gb1b2 where b1, b2 indicate numbers of bands chosen from
the entire HH model spectrum for states |1〉, |2〉 of the
Λ system.
For a particular choice of the model and bands, we
consider the following flatness f -factor:
f = ∆¯Ei/∆Ei, (S.10)
where ∆Ei indicates the bandwidth of a given band. The
inequality (S.8) can be satisfied when
f  g−1. (S.11)
The following two subsection will discuss the values of f
and g in different cases with emphasis when the former
is maximized and latter minimized.
E. Band flatness — flatness factor f
We consider Hofstadter-Harper model under PBC in
the thermodynamical limit [for numerics, system sizes
O(100× 100) suffice]. In Fig. S.2(a), (b) and (c) we show
the bandgap ∆¯Ei, bandwidth ∆Ei and the flatness ratio
f for different q for lowest three bands and the central
band (with C = −q + 1) of the HH model. We notice
that ∆¯Ei/J is always O(1), except for the band with
C 6= 1 where it quickly drops, and that the bandwidth
∆Ei/J drops exponentially with q already for the con-
sidered moderate values of q. As a result, the factor f
exponentially increases with q for bands with C = 1.
The behaviour for C = −q+1 is starkly different. The
bandgap decreases as ∼ 1/q2 and the bandwidth also
decreases like ∼ 1/q with q. In the end the maximal
flatness factor f ≈ 6.5 for the middle band is for q = 6
and it drops down to zero as ∼ 1/q.
In light of this, the use of the band with C 6= 1 in the
Λ system as states |1〉 and |2〉 is questionable.
F. Rabi frequencies total variation — factor g
Here we detail the dependence of Rabi frequencies Ωs
on k for the HH model. This allows to satisfy Eq. (S.8)
and keep the sizeable gap to the bright states. First
let us remark that the Rabi frequency coupling two
bands with different Chern number has to be zero some-
where in the BZ. Indeed, if we assume a contrario, that
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FIG. S.3. Panels (a−d) show k-dependence across the entire
BZ of log10 |Ω|, the Rabi frequency coupling lowest band of
HH model to, first-excited, second-excited, top, and middle
band. max |Ωs| = 1 sets the normalization. Panel (e) shows
factor g1,11 (g1,2) as a function of m = maxBZ |Ω1| with solid,
black (dashed red) lines. Panel (f) shows log10 gb1b2 for m
maximizing its value for different (b1, b2). Red squares corre-
spond to (b1, b2) where gb1b2 = 0.
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FIG. S.4. Approximation error E in Chern number compu-
tation. Panel (a) shows the residual in Chern number, C = 1
computation of lowest band of simple HH model. Panels (b),
(c) show same for dark state Chern number. In (b): CD = 2
for b1 = 1 and b2 = q. and for panel (c): CD = −q + 1 for
b1 = 1 and b2 = (q + 1)/2. The curve markings are common
and refer to , brute-force discretization method, q = 3,
brute-force discretization method, q = 11, Fukui
method, q = 3 and Fukui method, q = 11.
Ω 6= 0 for all kx, ky, we can construct the following sys-
tem: H = δ|ψ1〉〈ψ1| + Ω (|ψn〉〈ψ3|+ |ψ3〉〈ψn|) for all
kx, ky ∈ BZ with Ω 6= 0. If the detuning δ is swept
from a large positive value δ  |Ω| to a large, nega-
tive value: δ  −|Ω| then the eigenstate of this model
changes adiabatically between |ψ1〉 and |ψ2〉, which would
imply C1 = C2, violating our assumptions. This argu-
ment says nothing about Ω connecting bands with same
Chern number.
We find numerically that in the case of a model from
the main text, where the two bands b1 and b2 come from
11
the HH model, and band b3 is a s band of the TT 2D op-
tical potential, roughly for half of choices [see Fig. S.3(f)]
of the two bands, Ω1 and Ω2 have coinciding zeros.
In Fig. S.3(a)-(d) we plot the coupling strength
log10 |Ω| between the i-th band number of the HH model
[for i = 1, 2, q, (q+ 1)/2 respectively] and the flat s-band
in TT model Hamiltonian. The Rabi frequencies Ω are
due to terms proportional to As [in Eq. (6)]. The |Ωs| at-
tains a single zero at (kx, ky) = (0, 0) for coupling to the
first band, at (kx, ky) = (pi, pi), (pi, 0), (0, pi) for coupling
to the second band, and at (kx, ky) = (pi, pi) for coupling
to the highest band.
The value of gb1b2 does not change if both Ω1 and
Ω2 are multiplied by a common factor. We assume
max |Ω2| = 1 and max |Ω1| = m. Fig. S.3(e) shows g1,11
as a function ofm [compare panels (a) and (c)]. For some
m = m∗ the gb1b2 attains the maximum value. It is also
evident that band choice can alter the gb1b2 by several
orders of magnitude. For the choice of (b1, b2) = (1, 11)
for q = 11 the maximal value of g1,11 is g1,11 ≈ 0.3.
Fig. S.3 (f) shows log10 |gb1b2 | for different choice of
b1, b2 bands as a color array plot (always for m = m∗).
We notice that for some values (indicated by deep red
square) of b1, b2 (for example the b1 = b2 or b1 = 1, b2 =
3) we have gb1b2 = 0. This due to coinciding zeros of
Ω1(k) and Ω2(k).
G. Computation of Chern numbers
The Chern number is defined as an integral of a Chern
curvature, Eq. (4) across the BZ. The integral can be di-
rectly computed using standard methods for numerical
integration. In this work we used a regular discretization
of BZ into N×N evenly-sized pieces, and integration us-
ing trapezoid prescription. When N is sufficiently large,
the integral for C gives an error E ∼ N−2 as expected.
In particular, applyinh this method, the approximation
for C is not an integer number.
An alternate method has been proposed by Fukui et.
al. [68]. There the integration is performed also by sum-
mation over rectangular plaquettes, but the approximant
for the Chern number integral is manifestly gauge invari-
ant, and the Chern number approximation is guaranteed
to be an integer.
Fig. S.4(a) shows the comparison of the two methods.
There we have computed the Chern numbers of the low-
est band (C = 1) for pure HH model for q ∈ {3, 11}
using brute-force discretization and Fukui’s method. In
this case the method proposed by Fukui offers an obvious
numerical advantage, and returns correct Chern number
even for smallest considered discretizations. In Panel (b)
of the same Figure we compute the Chern number of
the dark state (CD = 2) as discussed in the main text.
Panel (c) shows the computation of the Chern number of
a darks state band where |1〉, |2〉 are lowest and a middle
band of the HH model (C = −q+1 and CD = −q+2). In
the latter case the brute force approach converges up to
the correct result much faster than the Fukui’s method.
